A self-consistent and complete theory for linear, weakly nonlinear, and highly nonlinear dust-hydromagnetic waves in a magnetized dust-ion plasma has been presented. Oblique propagation as well as two typical special cases, propagation along and across the ambient magnetic field direction, are considered. The linear dispersion properties are analyzed by using the normal mode analysis. The weakly nonlinear properties are studied by employing the reductive perturbation method, which is valid for small but finite amplitude waves. The highly nonlinear properties are investigated by means of a pseudopotential approach, which is valid for arbitrary amplitude waves. The implications of our results to some space and astrophysical dusty plasmas are briefly mentioned.
I. INTRODUCTION
There has been a rapidly growing interest in understanding wave phenomena in dusty plasmas ͑plasmas with extremely massive and highly charged dust grains͒ which are ubiquitous in laboratory, space, and astrophysical plasma environments, such as cometary tails, asteroid zones, planetary rings, interstellar medium, Earth's environment, etc.
1-5 It has been shown both theoretically and experimentally that the presence/dynamics of charged dust grains does not only modify the existing plasma wave spectra, 6 but it also introduces new eigenmodes, such as dust-acoustic ͑DA͒ waves, 7, 8 dust ion-acoustic ͑DIA͒ waves, 9 ,10 dust-lattice ͑DL͒ waves, 11, 12 etc. These electrostatic modes usually exist in an unmagnetized dusty plasma. But, in practice, dusty plasmas in the most cases are confined in external or self-generated magnetic fields, and contain some region of inhomogeneity capable of causing drift motions and associated modes, such as dust drift ͑DD͒ mode, 13 Shukla-Varma ͑SV͒ mode, 14 dust lower-hybrid mode, 15 etc. The linear and nonlinear properties of all these dust associated electrostatic waves in dusty plasmas have been intensively studied and reported in a large number of regular and review articles or books during last few years.
Recently, there has also been much interest in different new electromagnetic eigenmodes in magnetized dusty plasmas, and a number of investigations has been made on low frequency dust-electromagnetic waves propagating parallel or perpendicular to the ambient magnetic field direction. [25] [26] [27] [28] [29] [30] These are based on linear theories which are valid only when the wave amplitudes are so small that one may neglect nonlinearities. However, there are numerous processes via which unstable modes can saturate and attain large amplitudes. When the amplitudes of the waves are sufficiently large, we cannot neglect nonlinearities. The nonlinearities contribute to the localization of waves and lead to different types of interesting nonlinear coherent structures, viz., solitons, shocks, vortices, etc. Verheest, 31 Mamun, 32 and Shukla and Verheest 33 have investigated the nonlinear propagation of low frequency electromagnetic Alfvén waves ͑propagating along the ambient magnetic field direction͒ in a magnetized multispecies dusty plasma and have discussed the properties ͑including instability 32 ͒ of envelope solitons. Meuris and Verheest 34 have derived the Korteweg-de Vries ͑KdV͒ equation for the weakly nonlinear propagation of dustmagnetosonic waves, propagating perpendicular to the ambient magnetic field direction. Our present work is aimed to provide a self-consistent and complete theory ͑including linear, weakly nonlinear, and fully nonlinear͒ for the oblique propagation of hydromagnetic waves in a two-fluid magnetized dusty plasma, composed of a negatively charged, extremely massive dust fluid and positively charged ion fluid.
The paper is organized as follows. The basic equations governing our dusty plasma model is presented in Sec. II. The linear theory is worked out in order to describe the linear dispersion properties of obliquely propagating electromagnetic waves in Sec. III. A weakly nonlinear theory is developed to study the properties of small but finite amplitude obliquely propagating dust-hydromagnetic solitary waves in Sec. IV. Highly nonlinear properties of these dusthydromagnetic waves are investigated by means of a pseudopotential approach in Sec. V. Finally, a brief discussion is given in Sec. VI.
II. GOVERNING EQUATIONS
We consider a two-component magnetized dusty plasma composed of negatively charged dust grains and positively charged ions. We assumed that the electron number density is highly depleted due to the attachment of almost all the electrons onto the surface of highly charged and extremely massive dust grains. This model is relevant to planetary ring systems ͑e.g., Saturn's F-ring 1, 9 ͒ and some laboratory experiments. 8 The dust-ion plasma system is assumed to be immersed a͒ Permanent address: Department of Physics, Jahangirnagar University, Savar, Dhaka, Bangladesh.
in a homogeneous magnetic field B 0 . The macroscopic state of the dust-ion plasma under consideration may be described by the continuity equation, the equation of motion, and the Maxwell system of equations:
where s (ϭi,d) denotes the species, namely, ion and dust; m s , q s , and N s are, respectively, mass, charge, and number density of the species s; U s is the hydrodynamic velocity; T s is the temperature; k B is the Boltzmann constant; E is the electric field and B T is the magnetic field; c is the speed of light in vacuum. We note that the contribution due to the displacement current in ͑4͒ has been neglected, as we are focusing on waves whose phase speed is much smaller than c.
To define the equilibrium state of the dusty plasma system under consideration, we choose a wave frame in which all physical quantities (N s , U s , E, and B T ) depend on x only. As x tends to Ϫϱ, N s , U s , E, and B T tend to prescribed constant values, i.e., 0,B z0 ) . Thus, at equilibrium, from ͑1͒-͑6͒, we have n i0 ϭZ d n d0 ϭconstant, u i0 ϭu d0 ϭu 0 ϭconstant, E 0 ϭu 0 B z0 /cϭconstant, B x0 ϭconstant, where Z d is the number of electrons residing onto the dust grain surface. We note that the dust charge q d ϭϪZ d e is assumed to be constant, and it can be determined from the knowledge of the grain surface potential which is affected by the external magnetic field as well. 35 We consider electromagnetic waves propagating along the x axis, i.e., all wave quantities will depend only on x and t. We assume that the ambient magnetic field B 0 lies in the x -z plane and makes an angle with the x axis. Thus, using the quasineutrality condition Z d N d ϭN i , our basic equations ͑1͒-͑6͒ can be expressed as
where U dx , U dy , and U dz are the x, y, and z components of the dust fluid velocity, respectively; n is the dust particle number density normalized to n d0 ; B y and B z are the y and z components of the total magnetic field normalized
cs ϭ͉q s ͉B 0 /m s c is the gyrofrequency of the species s.
III. LINEAR THEORY
We shall carry out the normal mode analysis. We express our dependent variables in terms of their equilibrium and perturbed parts as nϭ1ϩñ , U dx ϭu 0 ϩŨ dx , and B z ϭsin ϩB z . We note that other dependent variables contain only perturbed parts. Thus, we can linearize ͑7͒-͑12͒ and write them as
where d t ϭ‫ץ/ץ‬tϩu 0 ‫;‪x‬ץ/ץ‬ now, assuming that all perturbed quantities are proportional to exp(Ϫitϩikx), i.e., taking ‫ץ/ץ‬t→Ϫi and ‫ץ/ץ‬x→ik, where and k are the wave frequency and the propagation constant, respectively, in ͑13͒-͑18͒, we obtain a general dispersion relation for obliquely propagating dust-hydromagnetic waves as
Here Ã ϭϪku 0 and i ϭ1ϩk 2 i 2 , where i ϭc/ pi is the ion skin depth and pi ϭ(4n i0 e 2 /m i ) 1/2 is the ion plasma frequency. We note that the origin of the dispersive effect involving k i term is attributed to the ion inertial effect, which breaks the frozen-in-field condition. To interpret the underlying physics of the obliquely propagating dusthydromagnetic waves governed by ͑19͒, we first consider extremely low-frequency obliquely propagating modes for which Ã , kV A , kC d Ӷ cd are valid. These approximations allow us to write ͑19͒ as
It is obvious that ͑20͒ contains three types of obliquely propagating dust-hydromagnetic waves. These are
It is seen that the plasma streaming speed u 0 causes only the Doppler shift of all these three modes. Equation ͑21͒ represents the dispersion relation for the shear dust-Alfvén waves modified by the effect of the ion-skin depth which decreases their phase speed by the factor ͱ1ϩk 2 i 2 . On the other hand, ͑22͒ with ϩ ͑Ϫ͒ sign represents the dispersion relation for the fast ͑slow͒ dust-hydromagnetic waves modified by the effect of the ion-skin depth and obliqueness.
For parallel propagation, i.e., for ϭ0, ͑21͒ as well as ͑22͒ with ϩ sign give exactly the same dispersion relation Ã ϭkV A /ͱ1ϩk 2 i 2 . When k i Ӷ1 and Ӷku 0 , it reduces to the simplest form of the dispersion relation for the dustAlfvén mode, 27, [30] [31] [32] viz., ϭkV A , in which the magnetic pressure (B 0 2 /4) gives rise to the restoring force and the plasma mass density (n i0 m i ϩn d0 m d ) provides the inertia. We note that for parallel propagation ͑22͒ with Ϫ sign yields the dust-acoustic mode. 7 For perpendicular propagation, i.e., for ϭ90°, ͑22͒ with ϩ sign gives the dispersion relation for the dust-
When k i Ӷ1 and Ӷku 0 , it reduces to the simplest form of the dispersion relation for the dust-magnetosonic mode, [27] [28] [29] 34 viz. ϭkͱV A 2 ϩC d 2 , in which the sum of magnetic and ionthermal pressures (B 0 2 /4ϩn i0 k B T i ) gives rise to the restoring force and the plasma mass density (n i0 m i ϩn d0 m d ) provides the inertia. We note that for zero external magnetic field (V A ϭ0) we have the dust-acoustic mode 7 in a dust-ion plasma.
IV. WEAKLY NONLINEAR THEORY
To construct a weakly nonlinear theory for the low frequency dust-hydromagnetic waves, we follow the reductive perturbation method 37 and introduce the stretched coordinates
where V p is the wave phase speed and ⑀(Ӷ1) is a smallness parameter measuring the weakness of the dispersion. We start with ͑7͒-͑12͒, and expand all the dependent variables about their equilibrium values in powers of ⑀:
We note that B x ϭcos . Now, substituting ͑23͒ and ͑24͒ in ͑7͒-͑12͒ and equating various powers of ⑀, a sequence of equations can be obtained. Equating the coefficients of ⑀ 3/2 one obtains a set of equations which can be simplified as
where V Ã ϭV p Ϫu 0 . Since V Ã ϭ Ã /k, the last equation is exactly the same as ͑22͒ with k i Ӷ1 and has already been interpreted in our linear analysis. Since ͑22͒ is only valid for Ã , kV A , kC d Ӷ cd , the weakly nonlinear theory that we are going to construct here is only valid for , kV A , kC d Ӷ cd , and k i Ӷ1.
The next set of the equations, which are obtained by substituting ͑23͒ and ͑24͒ into ͑7͒-͑12͒ and equating of ⑀ 2 , can be written as
‫ץ‬ ,
͑26͒
U dy
‫ץ‬ .
The last set of the equations, which are obtained by substituting ͑23͒ and ͑24͒ into ͑7͒-͑12͒ and equating of ⑀ 
Now, using ͑25͒-͑30͒, one can eliminate n (2) , U dx,z (2) , and B z (2) , and obtain
where AϭA 1 /C and DϭD 1 /C. Here
, which is nothing but the KdV equation, 38, 39 describes the weakly nonlinear propagation of low frequency dust-hydromagnetic waves ͑due to the oscillations of dust particles and ions͒ in a uniform magnetized dusty plasma system under consideration. 
It should be mentioned here that the KdV soliton does not exist for the parallel propagation (ϭ0) since in this case cos ϭ1 and V Ã ϭV A , and the condition ͑34͒ can no longer be valid. In this case one should derive the derivative nonlinear Schrödinger ͑DNLS͒ equation in order to study the properties of the dust-Alfvén envelope solitons.
31-33

V. FULLY NONLINEAR THEORY
To study fully nonlinear dust-hydromagnetic solitary waves, we choose a frame of reference moving with the wave, and formulate the problem as a one-dimensional steady state problem 40 in which all physical quantities depend on one spatial coordinate (x). We first normalize the spatial coordinate x by L ͑where Lϭͱ i d is the geometric mean of the ion-Larmor radius i ϭV A / ci , and the dustLarmor radius d ϭV A / cd ) and x, y, and z components of the dust fluid velocity by u 0 , i.e., in ͑7͒-͑12͒ we replace x, U dx , U dy , and U dz by xL, u 0 u, u 0 u dy , and u 0 u dz , respectively. To avoid any confusion we note that hereafter x will mean the spatial coordinate normalized by L. That is, we can rewrite ͑7͒-͑12͒ as
where T is a newly introduced independent variable defined 
͑43͒
It is not possible to solve analytically ͑41͒-͑43͒ for obliquely propagating electromagnetic waves. We, therefore, restrict ourselves to two typical special cases, namely the parallel propagation (ϭ0) and the perpendicular propagation ( ϭ90°).
A. Parallel propagation "Ä0…
For the parallel propagation (ϭ0) we can simplify ͑41͒-͑43͒ as
Now, introducing new dependent variables B and ⌰ defined by B y ϭcos ⌰, and B z ϭsin ⌰, from ͑44͒ we can express B and dB/dT as
͑48͒
On the other hand, subtracting ͑46͒ times B y from ͑45͒ times B z , we can show that d⌰/dTϭ(Ϫ Ϫ1 )/2␣ϭconstant. This shows that the transverse component of the magnetic field rotates uniformly around the direction of the wave normal. Therefore, adding ͑45͒ times dB y /dT and ͑46͒ times dB z /dT, and integrating the resultant equation we have
where ␦ϭ(ϩ Ϫ1 )/␣. Equating the right-hand sides of ͑48͒ and ͑49͒ we have a single equation for u alone
To analyze ͑50͒, for our convenience, we first let uϭ1ϩv and write it in a form
where
can be regarded as an energy integral of an oscillating particle of unit mass, with the velocity dv/dx, and the position v in a potential U(v). We now look for its solitary wave solutions. It is clear from ͑52͒ that U(v) ϭdU(v)/dvϭ0 at vϭ0. Therefore, solitary wave solutions of ͑51͒ exist if ͑i͒ (d 2 U/dv 2 ) vϭ0 Ͻ0, so that the fixed point at the origin is unstable, and ͑ii͒ ( provides that for ␦ϭ␦ c ϭ2 the cubic term is always negative, i.e., solitary waves with negative v can only exist. We have also numerically analyzed U(v) and have found that for ␦ Ͻ2 ͑viz., ␦ϭ1.9, ␦ϭ1.8, ␦ϭ1.7, etc.͒ solitary waves with negative u may exist for any value of M ͑viz., M ϭ0.1, M ϭ0.9, M ϭ2, M ϭ3, etc.͒ and that the amplitude of these solitary waves decreases with the increase of M or ␦. The numerical results are incorporated in Fig. 1 . We have also numerically solved the nonlinear differential equation ͑50͒ for solitary profiles of u and have shown the corresponding dust density and transverse magnetic field profiles for ␦ ϭ1.9, ␣ϭ1.3, and M ϭ2. This is depicted in Fig. 2 .
B. Perpendicular propagation "Ä90°…
When we consider the perpendicular propagation ( ϭ90°), ͑42͒ and ͑43͒ for B y and B z are decoupled, and for simplicity we may assume that B y ϭ0, i.e., B z ϭB. Thus, from ͑41͒-͑43͒ we have
Differentiating ͑53͒ with respect to T, we have
Multiplying ͑54͒ by dB/dT we can also express Fig. 3͒ .
We have also numerically analyzed U(v) and have found that for ␣Ͼ1 ͑viz., ␣ϭ1.1) and M ϾM c ͑viz. 
VI. DISCUSSION
A self-consistent and general description of linear, weakly nonlinear, and fully nonlinear low-frequency dusthydromagnetic waves in a two component magnetized dusty plasma composed of negatively charged massive dust and positively charged ion fluids, has been presented. It is assumed here that the electron number density is highly depleted due to the attachment of almost all the electrons onto the surface of highly charged and extremely massive dust grains. The linear, weakly nonlinear, and fully nonlinear analyses presented here are based on the normal mode analysis, the reductive perturbation method, and the pseudopotential approach, respectively. The results, which have been found in this investigation, may be summarized as follows.
It is found from our linear analysis that there exists linear ultra-low-frequency dust-hydromagnetic modes ͑modi-fied shear or compressional Alfvén or magnetosonic waves propagating obliquely with the ambient magnetic filed direction͒ in a magnetized dust-ion plasma. It is also observed that for parallel propagation (ϭ0) the linear mode becomes a simple form of shear dust-Alfvén modes which do not compress either the magnetic field or the plasma number density, but bends ͑shears͒ the magnetic field lines and that for finite this linear mode reduces to the compressional dust-Alfvén mode which causes compression of both the plasma density and magnetic field lines. When we consider the perpendicular propagation (ϭ90°) this mode turns out to be the dustmagnetosonic mode.
It has been found from our weakly nonlinear theory that the dust-ion plasma system may also support obliquely propagating dust-hydromagnetic solitary waves associated with the compressional Alfvén or magnetosonic modes. It is shown that for finite satisfying the condition ͑34͒ there exists only compressive ͑but not rarefactive͒ dusthydromagnetic KdV solitons. The weakly nonlinear analysis presented here is not valid for exact parallel propagation ( ϭ0) in which case one should derive the derivative nonlinear Schrödinger ͑DNLS͒ equation in order to examine the properties of envelope dust-Alfvén solitons. [31] [32] [33] We have found from our fully nonlinear analysis that for both parallel (ϭ0) and perpendicular (ϭ90°) propagation, there exists compressive dust-hydromagnetic solitary waves corresponding to the compression of dust or ion plasma number density or magnetic field. It is found that in the parallel propagation case (ϭ0) the compressive solitary waves exist for ␦Ͻ2 and for any value of M , and that the amplitude of these solitary waves decreases with the increase of M or ␦ ͑cf. Fig. 1͒ . It is also shown that in the perpendicular propagation case (ϭ90°), the compressive solitary waves may exist for ␣Ͼ1 and M Ͼ␣/ͱ␣ 2 Ϫ1, and that the amplitude of these solitary waves increase with the increase of M or ␣ ͑cf. Fig. 3͒ .
It should be mentioned here that for our numerical calculations we choose values of different normalized parameters which are typical for a number of space dusty plasma systems, particularly, for planetary ring systems and cometary environments. Typical dusty plasma parameters [1] [2] [3] [4] 29, 42 in planetary ring systems are n d0 Ӎ It may be pointed out that the results of our present investigation might be useful for understanding the salient features of hydromagnetic disturbances in some space and astrophysical dusty plasmas, especially in planetary ring systems, because the planetary magnetic field lines from a nearly aligned dipole are perpendicular to the equatorial plane in which the bulk of the ring material moves. We hope that future observations from space and laboratory dusty plasmas will be able to verify our theoretical predictions.
Furthermore, it may be added here that the effects of inhomogeneities in plasma density and ambient magnetic fields and of dust grain charge fluctuations on these dusthydromagnetic solitary structures as well as their instabilities are also problems of great importance. However, these studies are beyond the scope of the present work. 
